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Abstract
We show that any magnetostatic axially symmetric solution of the Einstein–Maxwell equations
can be endowed with a specific charged fluid source of the Polanco et al type via a simple procedure
requiring the knowledge of exclusively the magnetostatic seed spacetime. Using this procedure we
construct yet another exact solution for a massive magnetic dipole surrounded by a static charged
fluid which is different from the Polanco et al metric.
PACS numbers: 04.20.Jb, 04.40.Nr
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I. INTRODUCTION
In a recent paper [1] Polanco et al have generalized the Gutsunaev–Manko massive mag-
netic dipole solution [2] to the case when the dipole is surrounded by a charged static fluid.
The new solution contains an additional parameter Φ0 defining the electric field, and its fluid
source exhibits an interesting physical property – it compensates the frame dragging caused
by a charged magnetic dipole [3], so that the metric remains static in spite of the presence of
both the electric and magnetic fields. Since some of the field equations have been solved in
[1] only for the particular case determined by the Gutsunaev–Manko two–parameter metric,
it is the aim of our paper to demonstrate that in principal any static axisymmetric mag-
netovac solution of the Einstein–Maxwell equations can be generalized in the Polanco et al
manner with the aid of the following simple procedure:
Given an arbitrary magnetostatic solution of the Einstein–Maxwell equations defined by
the functions f , γ and Aφ, where f and γ are metric coefficients in the Weyl line element
ds2 = f−1[e2γ(dρ2 + dz2) + ρ2dϕ2]− fdt2, (1)
and Aφ the magnetostatic potential, its “static charged fluid generalization” of the Polanco
et al type is defined by the functions f˜ , γ˜, A˜φ and A˜t obtainable from f , γ and Aφ with the
aid of the formulas
f˜ = f, γ˜ = (1− Φ2
0
)γ, A˜φ = (1− Φ
2
0
)1/2Aφ, A˜t = Φ0f
1/2, Φ0 = const, (2)
where f˜ and γ˜ are metric coefficients in the line element
ds2 = f˜−1[e2γ˜(dρ2 + dz2) + ρ2dϕ2]− f˜dt2, (3)
and A˜φ, A˜t are, respectively, the magnetic and electric components of the electromagnetic
4–potential Ai = (0, 0, A˜φ, A˜t).
In the next section we will prove the validity of the formulas (2) by directly comparing
the field equations of the paper [1] with those defining the magnetostatic solutions in the
axially symmetric case, and in Sec. III we apply the solution–generating procedure (2) to
the magnetic dipole solution [4] whose potential Aφ is obtained by us for the first time.
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II. REDUCTION OF THE POLANCO ET AL STATIC FLUID PROBLEM TO
THE SYSTEM OF MAGNETOSTATIC EQUATIONS
In order to understand better the structure of the field equations derived in the paper
[1], let us first consider the magnetostatic equations. The magnetovac static spacetimes
with axial symmetry are defined by the line element (1) and by the following set of the
Einstein–Maxwell equations (see, e.g., [4])
f∆f = (∇f)2 + 2ρ−2f 3(∇Aφ)
2, (4)
f∆Aφ = 2ρ
−1fAφ,ρ −∇f∇Aφ, (5)
4γ,ρ = ρf
−2(f 2,ρ − f
2
,z) + 4ρ
−1f(A2φ,ρ − A
2
φ,z), (6)
2γ,z = ρf
−2f,ρf,z + 4ρ
−1fAφ,ρAφ,z, (7)
where ∆ ≡ ∂ρρ+ρ
−1∂ρ+∂zz and∇ ≡ ρ0∂ρ+z0∂z (ρ0 and z0 are unit vectors). A particular
set of the functions f , γ, Aφ satisfying Eqs. (4)–(7) fully determines the corresponding
magnetostatic spacetime.
Let us turn now to the field equations of the paper [1]. In what follows, we will change
the Polanco et al’s functions f , Λ, Φ and W to, respectively, ours f˜ , γ˜, A˜t and A˜φ; we
also note that the “divergence” operation is defined in [1] in a slightly different way than
usually adopted for the cylindrical coordinates, so the main equations of [1] will be rewritten
in the same fashion as Eqs. (4)–(7) above, i.e., avoiding the “divergence” operation. After
these preliminary remarks and taking into account that Eq. (25) of Ref. [1] has already been
shown by Polanco et al to be satisfied by the function Φ = Φ0f
1/2 which in our notations
rewrites as
A˜t = Φ0f˜
1/2, (8)
the field equations for the remaining functions f˜ , A˜φ and γ˜ take the form
(1− Φ2
0
)f˜∆f˜ = (1− Φ2
0
)(∇f˜)2 + 2ρ−2f˜ 3(∇A˜φ)
2, (9)
f˜∆A˜φ = 2ρ
−1f˜ A˜φ,ρ −∇f˜∇A˜φ, (10)
4γ˜,ρ = (1− Φ
2
0
)ρf˜−2(f˜ 2,ρ − f˜
2
,z) + 4ρ
−1f˜(A˜2φ,ρ − A˜
2
φ,z), (11)
2γ˜,z = (1− Φ
2
0
)ρf˜−2f˜,ρf˜,z + 4ρ
−1f˜ A˜φ,ρA˜φ,z. (12)
It is easy to see now that the substitutions
f˜ = f, γ˜ = (1− Φ2
0
)γ, A˜φ = (1− Φ
2
0
)1/2Aφ (13)
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cast Eqs. (9)–(12) into the magnetostatic system (4)–(7). Therefore, any solution f , γ and
Aφ of the latter system immediately yields the corresponding solution f˜ , γ˜, A˜φ and A˜t of
Eqs. (9)–(12) through the formulas (2).
In some sense, the solution–generating procedure (2) is a trivial one because it does
not require any technical work for the formal introduction of specific charged fluid sources
into the known magnetostatic solutions. The example which will be considered in the next
section is to a certain extent an exception since it involves a preliminary calculation of the
potential Aφ for the seed magnetovac solution.
III. A NON–TRIVIAL EXAMPLE
Let us illustrate the use of the procedure (2) by taking as a seed magnetostatic spacetime
the asymptotically flat solution [4]. The latter solution describes the field of a massive
magnetic dipole and possesses the Schwarzschild pure vacuum limit in the absence of the
magnetic field. It has a bit more complicated form than the other Gutsunaev–Manko solution
[2] utilized by Polanco et al in [1], however, it is also equatorially symmetric [5], unlike for
instance two analogous solutions [6] for a magnetized mass. In the paper [4] the calculation
of the potential Aφ was not carried out, the magnetic field being defined by the function A
′
φ
[7]. Hence, before applying the procedure (2), we have yet to find the form of the potential
Aφ for the seed solution [4].
In prolate spheroidal coordinates (x, y) related to the coordinates (ρ, z) via the formulas
ρ = k
√
(x2 − 1)(1− y2), z = kxy (14)
(k is a real constant), the functions f , γ and A′φ of the seed metric have the form [4]
f =
x− 1
x+ 1
·
A2
B2
, e2γ =
x2 − 1
x2 − y2
·
A2
(1 + α2)8(x2 − y2)24
,
A′φ = −8αxy(x− 1)[(x
2 − y2)4 + 2α2(x2 + y2)(x2 − 1)3]B−1,
A = [(x2 − y2)3 + α2(x2 − 1)3]2 + 4α2x2(1− y2)(x2 − 1)2(x2 + 3y2)2,
B = [(x2 − y2)3 + α2(x+ 1)2(x2 − 1)2]2
− 4α2y2(x+ 1)2(x2 − 1)(x3 − 3x2 + 3xy2 − y2)2. (15)
The corresponding expression of the potential Aφ can be found by integrating the system
4
[7]
Aφ,x = k(y
2 − 1)f−1A′φ,y, Aφ,y = k(x
2 − 1)f−1A′φ,x, (16)
and the final result for Aφ can be presented in the following two forms:
Aφ = −
4αk(1− y2)C
(1 + α2)A
,
C = [(x2 − y2)3 + α2(x2 − 1)3]{(x2 − y2)(2x3 + x2 + y2)
+ α2(x+ 1)2[2x(x2 − y2 − 1) + y2 + 1]}
+ 2α2x2(x2 − 1)2(x2 + 3y2)[(1 + α2)(x+ 1)3 − 2x2 − 6y2], (17)
which emphasizes the property of this Aφ to take zero values on the upper and lower parts
of the symmetry axis (y = ±1); and
Aφ = −
4αk(x+ 1)2D
A
+
4αk
1 + α2
,
D = (x2 − y2)(x2 + y2 − 2xy2)[(x2 − y2)3 + α2(x2 − 1)3]
+ 2α2x2(x− 1)2(x+ 1)3(1− y2)(x2 + 3y2), (18)
which obviously is a more concise expression than (17), though at the expense of hiding the
important factor (1− y2).
Writing out the “charged static fluid generalization” of the solution (15) with the aid of
(2) is now immediate:
f˜ =
x− 1
x+ 1
·
A2
B2
, e2γ˜ =
[
(x2 − 1)A2
(1 + α2)8(x2 − y2)25
]1−Φ2
0
,
A˜t = Φ0
(
x− 1
x+ 1
)1/2
A
B
, Aφ = −
4αk(1− Φ2
0
)1/2(1− y2)C
(1 + α2)A
, (19)
where the polynomials A, B and C have already been defined in (15) and (17).
Solution (19) exhibits essentially the same physical properties as the one considered by
Polanco et al, so we refer the reader to the paper [1] for further details.
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